Introduction
Recently, Michel and Shaw ( 15] ) and Henkin, Iordan, and Kohn 11 ] proved 1/2-subellipticity of the @-Neumann problem on domains with piecewise smooth strictly pseudoconvex boundaries. (A more precise description of their results is in section 5.) In this paper, we discuss the situation when the boundary is piecewise smooth of nite type. It is shown that near such a boundary point, a subelliptic estimate holds for some " > 0 (Theorem 2). We use Catlin's result on the existence of families of plurisubharmonic functions whose Hessians satisfy good lower bounds near nite type points ( 5] ). What is new is that just as in the smooth case ( 5] , Theorem 2.2), the existence of (families of) plurisubharmonic functions with algebraic growth of the Hessian gives a subelliptic estimate when the boundary is only Lipschitz (Theorem 1, Remark 1). Since the boundary is only Lipschitz, the argument is necessarily di erent from 5]. By using the fact that the (formal) complex Laplacian acts diagonally on forms as a multiple of the real Laplacian, we rst reduce the problem to the case of forms with harmonic coe cients. Following 4], (2.3), 5], Theorem 2.1 for this part of the argument, we obtain from the existence of the good plurisubharmonic functions that k @uk 0 + k @ uk 0 dominates the L 2 -norm of the form u weighted by an inverse power of the boundary distance. For harmonic functions, however, it is well understood that this weighted norm controls a Sobolev norm. Due to the minimal smoothness assumptions, an additional complication arises. To obtain the domination of the weighted L 2 -norm of u, one needs to work rst on smooth subdomains.
The problem that the restrictions of the forms to the subdomains are not, in general, in the domain of @ there, is handled by an argument involving the @-Neumann operator of the subdomains to modify these restrictions. This regularization procedure is useful in related contexts. For example, it allows to extend Catlin's classical result on compactness of the @-Neumann operator in the presence of plurisubharmonic functions with large Hessians ( 4] , Theorem 1) to the case where no boundary smoothness at all is assumed (Corollary 3). This simpli es and improves existing compactness results in the nonsmooth case.
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Statement of results
In this paper, we will be mainly concerned with bounded domains in C n with Lipschitz boundary. This means that the boundary is locally the graph of a Lipschitz function. By Our rst theorem concerns subellipticity near a boundary point with good plurisubharmonic functions. Theorem 1. Let be a bounded pseudoconvex domain, in C n ; P a boundary point.
Assume that the boundary is the graph of a Lipschitz function near P, and that there exists a bounded plurisubharmonic function in the intersection of a neighborhood U of P with , such that dd c const. 2" dd c jzj 2 in U \ (2) as currents, with 0 " < 1=2. Then there is a neighborhood V of P and a constant C > 0, such that Remark 1: Compared with 5], Theorem 2.2, our assumption on the plurisubharmonic function with good growth of the Hessian is stronger in that we require one function whose Hessian blows up algebraically, rather than a (uniformly bounded) family of plurisubharmonic functions with suitable lower bounds on the Hessians. However, we will show in section 4 in the proof of Theorem 2 that given a family of plurisubharmonic functions as in 5], Theorem 2.2 for some " > 0, one can easily construct a bounded plurisubharmonic function with the required growth of the Hessian as in Theorem 1 for every " 0 < ". From our point of view, the main point is the fact that the boundary is only assumed Lipschitz.
Theorem 1 applies to the situation where locally, near P, is a transversal intersection of pseudoconvex domains whose boundaries contain P and which are C 1 -smooth and of nite type near P. To be precise, we assume that in suitable local coordinates (z 1 ; : : :; z n ), z j = x j + iy j , 1 j n, is given as follows. There are C 1 -functions k (z) = y n h k (z 1 ; : : : ; z n 1 ; x n ), 1 k m, so that, near P, = f k (z) < 0 j 1 k mg, the di erentials d k , 1 k m, are linearly independent over R, and the surfaces f k (z) = 0g are pseudoconvex from the side f k < 0g and of nite D'Angelo 1-type near P ( 6]). We say that b is piecewise smooth of nite type near P. 3 Theorem 2. Let be a bounded pseudoconvex domain in C n ; P a boundary point.
Assume the boundary is piecewise smooth of nite type near P. Then the @-Neumann problem is subelliptic near P, i.e. the conclusions of Theorem 1 hold.
The regularizing procedure used in the proof of Theorem 1 has other related applications. For example, it immediately shows that Catlin's compactness theorem for the @-Neumann problem ( 4] , Theorem 1) holds without any boundary smoothness assumption on the domain. The following is a simple corollary of part of the proof of Theorem 1. In particular, the @-Neumann operators are compact if the boundary of (with no smoothness assumptions) is a B-regular set in the sense of Sibony ( 17] ). For the case of domains in C n , Corollary 3 generalizes a recent result in 10].
Proof of Theorem 1
We adopt the customary convention on constants: C may change its value as the argument progresses, but it will always be independent of the relevant forms. Let u = 
C(k @uk 0 + k @ uk 0 ): u v has harmonic coe cients, so once (3) is established for forms with harmonic coecients, it will follow in full generality (in view of (5) and (7)). We now assume that u has harmonic coe cients. Let V 0 be a neighborhood of P so that in suitable local coordinates (z 1 ; : : :; z n 1 ; z n ) = (z 0 ; z n ), \ V 0 is given by \ V 0 = fz=jz 0 j 2 + x 2 n < R 2 ; 0 < y n < h(z 0 ; x n )g
for some R > 0 and a (strictly positive) Lipschitz function h. We may assume that the (z 0 ; x n ) coordinates of P are (0,0). Let V 1 be a neighborhood of P that is relatively compact in V 0 and such that \ V 1 = z=jz 0 j 2 + x 2 n < R 2 =4; a < y n < h(z 0 ; x n )
for some a > 0. Then (note that \ V 1 has Lipschitz boundary) Here, ru denotes the vector of all rst order derivatives of (the components of) u. Note that (10) is a genuine estimate (as opposed to an a priori estimate): if the right-hand side is nite then u is in W " (0;q) (V 1 \ ), and the inequality holds. The last term on the right-hand side of (10) is dominated by kuk 0 , which is dominated by k @uk 0 + k @ uk 0 . Note that on V 1 \ , V 1 \ , so that the rst term on the right-hand side of (10) (12) with a constant independent of . The prime indicates summation over strictly increasing (q 1) tuples, and we adopt the usual convention that the coe cients of f be de ned for all multi-indices so as to be antisymmetric. Regularizing the plurisubharmonic function (from the hypothesis of the theorem) on as in 12], proof of Theorem 4.4.2, and invoking (2) and (12) we nd Z 2" jfj 2 C(k @fk 2 0; + k @ fk 2 0; ); (13) again with C independent of . If we could apply (13) to the restriction of 'u to , the right-hand side of (11) would be seen to be dominated by k @uk 0 + k @ uk 0 , and we would be done. The problem is of course that while 'u is smooth on (since the coe cients of u are harmonic), it need not be in the domain of @ . To rectify the situation, we de ne forms u on as follows: u := @N q 1; ('u) + @ N q+1; @('u): (14) When q = 1, we use the @-Neumann operator N 0 on functions, see for example 16], Proposition 2.5. Then u 2 dom( @ ) \ dom( @ ) and u 2 C 1 (0;q) ( ) (since is strictly 6 pseudoconvex, the smoothness up to the boundary is preserved by N ). Thus we can apply (13) In view of (11) , this completes the proof of Theorem 1 (since again kuk 0; is dominated by k @uk 0; + k @ uk 0; ).
Remaining proofs
To prove Theorem 2, it su ces to see that for 1 k m, there exist bounded plurisubharmonic functions k , de ned near P in k = f k (z) < 0g with dd c k const.( k (z)) 2" k dd c jzj 2 (as currents), where k (z) denotes the distance to the boundary of k . The function := 1 + + m , de ned near P in , then has all the properties required in Theorem 1 (with " := min 1 k m " k ). The existence of the functions k follows readily from Catlin's fundamental theorem ( 5], Theorem 9.2) on good plurisubharmonic functions near nite type points in a smooth boundary. We x k, but in order to avoid cluttering the notation, we temporarily suppress the subscript k. According to 5], Theorem 9.2, there exists " > 0 and a neighborhood V of P such that for all su ciently small > 0 there is a smooth plurisubharmonic function g in V with 0 jg j 1 and dd c g (z) C 2" dd c jzj 2 ; z 2 V \ S : (17) Here C is a constant independent of , and S denotes the set of points in (near P) whose distance to the boundary is less than . Choose k 0 2 N such that 2 k 0 is su ciently small. Let 0 < " 0 < ". on the open sets (S 2 k nS 2 k 2 ) \ V (which cover S 2 k 0 \ V ) shows that, as currents on S 2 k 0 \ V , dd c g C( (z)) 2" 0 dd c jzj 2 :
Returning to the situation of Theorem 2, we have shown the existence of the plurisubharmonic functions k , 1 k m, with the required properties, and the proof of the theorem is complete. 
Here r' u denotes terms which are sums of (components of) u times derivatives of '. Note that supp r' supp ' which is compact in . Taking into account that the restriction to compact subsets is compact (in L 2 -norm) for harmonic functions, (20) shows that a sequence with k @u n k 0 + k @ u n k 0 bounded has a subsequence that converges in L 2 (0;q) ( ).
Consequently, the @-Neumann operator N q is compact. It should be noted that although this argument is phrased slightly di erently from Catlin's ( 4], proof of Theorem 1), the only new ingredient is the \regularization" (14) which allows to derive (20) for nonsmooth by passing to smooth subdomains.
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